I. INTRODUCTION
Nowadays there is strong interest to study newly observed mesons and baryons in the context of a hadronic molecule interpretation (for overview see e.g. Ref. [1] ). As stressed for example in Ref. [2] the scalar D * s0 (2317) and axial D s1 (2460) mesons could be candidates for a scalar DK and a axial D * K molecule because of a relatively small binding energy of ∼ 50 MeV. These states were discovered and confirmed just a few years ago by the Collaborations BABAR at SLAC [3] , CLEO at CESR [4] and Belle at KEKB [5] . In the interpretation of these experiments it was suggested that the D * s0 (2317) and D s1 (2460) mesons are the P -wave charm-strange quark states with spin-parity quantum numbers J P = 0 + and J P = 1 + , respectively. It is worth noting that the existing experimental information on the properties of the D * s0 (2317) and D s1 (2460) mesons [6] leaves quite a significant uncertainty in their possible assignment of J P = 0 + and J P = 1 + quark-antiquark states. Strong and radiative decays of the D * s0 (2317) and D s1 (2460) mesons have been considered using different approaches [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] , including their different interpretations as two-and four-quark states and as D ( * ) K molecules. The range of predictions for the strong and radiative decay widths is from several to a few hundreds keV. In our previous paper [24] we calculated the strong D * s0 → D s π 0 and radiative D * s0 → D * s γ decays using a phenomenological Lagrangian approach [24, 29] for the treatment of the D * s0 meson as a hadronic molecule -a bound state of D and K mesons. A new feature related to the molecular DK structure of the D * s0 (2317) meson was that the presence of u(d) quarks in the D and K mesons gives rise to a direct strong isospin-violating transition D * s0 → D s π 0 in addition to the decay mechanism induced by η − π 0 mixing as considered previously. We showed that the direct transition dominates over the η − π 0 mixing transition in the D * s0 → D s π 0 decay. In this paper we extend our formalism [24, 29] to the strong and radiative decays of the D s1 (2460) assuming that the latter is a D * K bound state. As for the case of the D * s0 state, a composite (molecular) structure of the D s1 (2460) meson is defined by the compositeness condition Z = 0 [30, 31, 32] (see also Refs. [24, 29] ). This condition implies that the renormalization constant of the hadron wave function is set equal to zero or that the hadron exists as a bound state of its constituents. The compositeness condition was originally applied to the study of the deuteron as a bound state of proton and neutron [30] . Then it was extensively used in low-energy hadron phenomenology as the master equation for the treatment of mesons and baryons as bound states of light and heavy constituent quarks (see e.g. Refs. [31, 32] γ, and, also, the extension to the bottom sector (B * s0 (5725) and B s1 (5778) states) will be done in a forthcoming paper. In the present manuscript we proceed as follows. First, in Section II we discuss the basic notions of our approach. We discuss the effective mesonic Lagrangian for the treatment of the D s1 (2460) meson as a D * K bound state. In Section III we consider the matrix elements (Feynman diagrams) describing the strong and radiative decays of the D s1 (2460) meson. We discuss our numerical results and perform a comparison with other theoretical approaches. In Section IV we present a short summary of our results. In this section we discuss the formalism for the study of the D ± s1 (2460) meson as a hadronic molecule, represented by a D * K bound state. We adopt that the isospin, spin and parity quantum numbers of the D ± s1 (2460) are I(J P ) = 0(1 + ), while for its mass we take the value m Ds1 = 2.4589 GeV [6] . Our framework is based on an effective interaction Lagrangian describing the couplings of the D s1 (2460) meson to its constituents:
where the doublets of D * and K mesons are defined as
The summation over isospin indices is understood. The molecular structure of the D ± s1 states is (we do not consider isospin mixing): |D
characterizes the finite size of the D s1 (2460) meson as a D * K bound state and depends on the relative Jacobi coordinate y with, in addition, x being the center-of-mass (CM) coordinate. In Eq. (1) we introduced the kinematical parameters w ij = m i /(m i + m j ), where m D * and m K are the masses of the D * and K mesons. The Fourier transform of the correlation function reads
A basic requirement for the choice of an explicit form of the correlation function is that it vanishes sufficiently fast in the ultraviolet region of Euclidean space to render the Feynman diagrams ultraviolet finite. We adopt the Gaussian form,Φ Ds1 (p
, for the vertex function, where p E is the Euclidean Jacobi momentum. Here, Λ Ds1 is a size parameter, which characterizes the distribution of D * and K mesons inside the D s1 molecule. The coupling constant g Ds1 is determined by the compositeness condition [30, 31, 32] (for an application to D * s0 (2317) and D s1 (2460) meson properties see Refs. [24, 29] .) It implies that the renormalization constant of the hadron wave function is set equal to zero:
Here, Σ
) is the derivative of the transverse part of the mass operator Σ 
where
The mass operator of the D s1 meson is described by the diagram of Fig.1 . To clarify the physical meaning of the compositeness condition, we first want to remind the reader that the renormalization constant Z
1/2
Ds1 can also be interpreted as the matrix element between the physical and the corresponding bare state. For Z Ds1 = 0 it then follows that the physical state does not contain the bare one and hence is described as a bound state. As a result of the interaction of the D s1 meson with its constituents (D * , K mesons), the D s1 meson is dressed, i.e. its mass and its wave function have to be renormalized. The condition Z Ds1 = 0 also effectively excludes the tree-level diagrams involving D s1 mesons, because each external leg of the D s1 meson is multiplied by the factor Z 1/2 Ds1 . Following Eq. (4) the coupling constant g D s1 can be expressed in the form:
Above expressions are valid for any functional form of the correlation functionΦ Ds1 (z).
B. Effective Lagrangian for strong and radiative decays of D
In the preceding paper [24] in the analysis of the strong decay D * s0 → D s π 0 we considered the so-called "direct" diagrams (see Fig.2 in [24] ) with π 0 -meson emission from the D → D * and K → K * transitions and the "indirect" diagrams (see Fig.3 in [24] ) where a π 0 meson is produced via η − π 0 mixing in the mass term of pseudoscalar mesons in the leading-order O(p 2 ) Lagrangian of chiral perturbation theory (ChPT) [33, 34] . Note, that the second mechanism based on η − π 0 mixing was mainly considered before in the literature. Originally, it was initiated by the analysis based on the use of chiral Lagrangians [9, 11, 34] mesons to π 0 . One should stress, that the two types of diagrams ("direct" and "mixing") can be reduced to modified pion-emission diagrams performing the diagonalization of the pseudoscalar meson mass term [33] . In particular, after the diagonalization of the mesonic mass term the π 0 and η meson fields are modified by a unitary transformation as [33] :
with ε being the π 0 − η mixing angle fixed as [33] :
where m u , m d , m s are the current quark masses. As a result of the unitary transformation (8) the "direct" and "mixing" diagrams are combined together in the form of pure pion-coupling diagram with modified flavor structure, i.e. instead of the τ 3 π 0 coupling to DD * or KK * mesonic pair we have π 0 (τ 3 cos ε + κ I sin ε), where κ = 1/ √ 3 or √ 3 is the corresponding flavor-algebra factor for DD * or KK * coupling, respectively. Below we display the explicit form of the corresponding interaction Lagrangian. The lowest-order diagrams which contribute to the matrix elements of the strong isospin-violating decay D s1 → D * s π 0 are shown in Fig.2 . Note, that in the isospin limit (m u = m d ), the η − π 0 mixing angle vanishes and the masses of the virtual D ( * ) and K ( * ) mesons in the loops are degenerate, respectively. As result the pairs of diagrams related to Fig.2 After the preliminary discussion of the relevant diagrams, now we are in the position to write down the full effective Lagrangian for the study of the strong and radiative decays of the D s1 meson formulated in terms of mesonic degrees of freedom and photons. We follow the procedure discussed in detail in Ref. [24] , where we considered the D * s0 meson decay properties. First, we write the Lagrangian L, which includes the free mesonic parts L free and the strong interaction parts L str :
where summation over isospin indices is understood, = ∂ µ ∂ µ and A
and K ( * ) are the doublets of pseudoscalar (vector) mesons, D ± s and D * ± s are the pseudoscalar and vector charmstrange mesons, respectively, V * µν = ∂ µ V * ν − ∂ ν V * µ is the stress tensor of vector meson field. In our convention the isospin-symmetric meson masses of the isomultiplets m π , m P , m V are identified with the masses of the charged partners. The quantities δ M are the isospin-breaking parameters which are fixed by the difference of masses squared of the charged and neutral members of the isomultiplets as:
The set of mesonic masses is taken from data [6] . From Eq. (12) it is evident that the couplings of π 0 to D * D and K * K mesonic pairs contain two terms -the "dominant" coupling (proportional to cos ε) and the "suppressed" coupling (proportional to sin ε). It means that the first coupling survives in the isospin limit, while the second one vanishes. In the context of the "direct" and "η − π 0 mixing" diagrams considered by us in the preceding paper [24] , the first coupling generates the "direct" diagrams of Fig.2 in [24] , while the second coupling results in the "mixing" diagrams of Fig.3 in [24] .
The free meson propagators are given by the standard expressions
for the scalar (pseudoscalar) fields, whereD
for the vector (axial) fields, whereD (12) we use the same set of strong coupling constants as used for the decay properties of the D * s0 meson (see details in Ref. [24] ). In particular, we have
The additional three-vector meson coupling g D * s D * K * is a free parameter in our calculation. It should be of order 1. Finally, we fix the coupling g D s1 , which is given by Eq. (6) in terms of the adjustable vertex function. Using the Gaussian vertex function we obtain the result that this coupling is quite stable with respect to a variation of the scale parameter Λ Ds1 . In particular, varying Λ Ds1 from 1 to 2 GeV, we get a range of values for g D s1 from 11.62 to 10.17 GeV. Note, this result is in agreement with prediction of the light-cone QCD sum rules g D s1 = 10.5±3.5 GeV [35] . In the following we also test the sensitivity of the decay properties of the D s1 meson to the variation of Λ Ds1 .
The electromagnetic field is included in the Lagrangian (10) using minimal substitution i.e. each derivative acting on a charged meson field is replaced by the covariant one:
Note, that the strong D s1 D * K interaction Lagrangian should also be modified in order to restore electromagnetic gauge invariance. It proceeds in a way suggested in Ref. [36] and extensively used in Refs. [24, 32] . In particular, each charged constituent meson field (i.e. D * ± and K ± ) in L Ds1 is multiplied by the gauge field exponential resulting in
For the derivative of I(x, y, P ) we use the path-independent prescription suggested in [36] which in turn states that the derivative of I(x, y, P ) does not depend on the path P originally used in the definition. The nonminimal substitution (16) 
and
where v = p/m Ds1 and v
are the four-velocities of the D s1 and D * s mesons, G(F ) Ds1D * s π and G Ds1Dsγ are the corresponding effective coupling constants. The coherent sum of all the diagrams in Fig.3 contributing to the radiative decay D s1 → D s γ is gauge invariant, while the contribution of each diagram is definitely not gauge invariant. As in Ref. [24] , for convenience we split each individual diagram into a gauge-invariant piece and a remainder proportional to the Lorentz structure g µν , which is noninvariant. One can prove that the sum of the noninvariant terms vanishes due to gauge invariance. In the following discussion of the numerical results we will only deal with the gauge-invariant contribution of the separate diagrams of Fig.3 .
Using Eqs. (18) and (19) 
where On the other hand, the contribution to the decay width generated by the dominant coupling (proportional to cos ε) exceeds the contribution due to the suppressed coupling (proportional to sin ε) by a factor of 2 on average [see Lagrangian (12) and discussion in Sec.II]. The "dominant" coupling corresponds to the "direct" diagrams of Fig.2 in [24] , while the second coupling concerns the "mixing" diagrams of Fig.3 in [24] . In this paper, we combine these two types of diagrams together using the unitary transformation (8) .
In terms of the unknown dimensionless coupling constant
where the range of values for our results is due to the variation of Λ Ds1 from 1 to 2 GeV. An increase of Λ Ds1 leads to an increase of the width. In Table 1 we present our results for the decay width Γ(D s1 → D * s π) including a variation of the scale parameter Λ Ds1 from 1 to 2 GeV and compare them to previous theoretical predictions. Now we turn to the discussion of the radiative decay D s1 → D s γ. By construction, using a gauge-invariant and Lorentz-covariant effective Lagrangian, the full amplitude for this process is gauge-invariant, while the separate contributions of the different diagrams of Fig.3 are not. It is important to stress that the diagrams of Fig.3 (marked by 3(a), 3(b), etc. ). In the analysis of the electromagnetic decay D s1 → D s γ we restrict to the isospin limit, i.e. we do not include the isospin-breaking effects in the meson masses and proceed with the masses of the charged particles. In the isospin limit the diagrams of Fig.3(g) and 3 (h) are equal to each other. For a value of Λ Ds1 = 1 GeV we get (here we only deal with the gauge-invariant parts of the diagrams of Figs.3(a)-3(d) , 3(g), and 3(h), while the gauge-invariant parts of diagrams in Figs. 3(e) and 3(f) are equal to zero):
From the results it is clear that the contact diagrams of Fig.3 (c) and 3(d) are strongly suppressed, however these diagrams are kept to guarantee gauge invariance. The main contribution comes from the diagram of Fig.3(b) where the photon couples to the K + . Note, that the same conclusion concerning the dominance of the triangle diagram with the γK + coupling was obtained in the analysis of the radiative decay of the D * s0 (2317) into D s γ [24] . The result for the decay width of the transition D s1 → D s γ is:
In Table 2 we summarize our results for Γ(D s1 → D s γ) including a variation of the scale parameter Λ Ds1 from 1 to 2 GeV (an increase of Λ Ds1 leads to a larger value for the width). We also compare to predictions of other theoretical approaches. Our results have a minor dependence on the parameter Λ Ds1 and are also in agreement with previous calculations. Finally, in Table 3 we present a comparison of our results for the ratio
of the radiative and strong decay of D s1 mesons with data and other approaches. Our result for R ≃ 0.05 is insensitive to a variation of the size parameter Λ Ds1 .
IV. SUMMARY
We studied the new charm-strange meson 0 in addition to the decay mechanism induced by η − π 0 mixing as was considered previously in literature. We found that the direct transition dominates over the η − π 0 mixing transition. In the present paper we combined these two mechanisms to the modified pion-emission diagrams due to the diagonalization of the pseudoscalar meson mass term [33] (see also Eq. (8)). In the language of the strong effective Lagrangian (12) the "direct" mechanism corresponds to the KK * π 0 and DD * π 0 couplings containing the τ 3 cos ε flavor matrix, while the "mixing" mechanism corresponds to the KK * π 0 and DD * π 0 couplings containing the I cos ε flavor matrix. 
